For a harmonic map u : M 3 → S 1 on a closed, oriented 3-manifold, we establish the identity
Introduction
Let (M n , g) be a closed, oriented Riemannian manifold. Recall that a circle-valued map u : M → S 1 = R/Z is harmonic if and only if the gradient one-form h u := u * (dθ) is harmonic in the standard Hodge sense (1) dh u = 0, d * h u = 0.
It is easy to see that (1) holds precisely when u minimizes the Dirichlet energy E(u) = M |du| 2 in its homotopy class [u] ∈ [M : S 1 ], and it follows from elementary Hodge-theoretic considerations that every class in [M : S 1 ] contains such a minimizer, unique up to a constant rotation. By Poincaré duality, every (n − 1)-homology class α ∈ H n−1 (M ; Z) corresponds to a homotopy class [u] ∈ [M : S 1 ] of S 1 -valued maps whose level sets Σ θ = u −1 {θ} represent α. In particular, just as one can minimize area among integral currents in α to obtain geometrically distinguished representatives (minimal hypersurfaces), one may also minimize energy in the dual homotopy class in [M : S 1 ] to obtain a geometrically distinguished (singular) fibration of M whose fibers Σ θ represent α. In view of the key role played by area-minimizing hypersurfaces in the study of scalar curvature since the pioneering work of Schoen and Yau [7, 8, 9] , it is natural to ask whether a careful study of S 1 -valued harmonic maps may provide a similarly useful link between scalar curvature and topology. In this note, we provide some evidence for a positive answer, in the three-dimensional setting.
The main result of this paper is the following identity for S 1 -valued harmonic maps on 3-manifolds, relating the scalar curvature R M of M to the average Euler characteristic χ(Σ θ ) of the level sets Σ θ = u −1 {θ}. In general, the level set Σ θ may of course have multiple components, and χ(Σ θ ) denotes the sum of their Euler characteristics. Theorem 1.1. Let (M 3 , g) be a closed, oriented 3-manifold, and let u : M → S 1 be a nontrivial harmonic map. Then the level sets Σ θ = u −1 {θ} of u satisfy
The proof essentially consists of applying the Schoen-Yau rearrangement trick to the Ricci term in the Bochner identity
for h = u * (dθ), integrating, and applying the coarea formula. Of course, u will have (a measure-zero set of) critical values in general, so in practice we approximate |h| by (|h| 2 + δ) 1/2 and let δ → 0; some care must be taken in passing to the limit, but the analysis required is minimal. We describe the relevant computations in Section 2.
Our main application of Theorem 1.1 is the extension of a theorem of Kronheimer and Mrowka ( [5] , Theorem 2) characterizing the Thurston norm on H 2 (M ; Z) in terms of the harmonic norm and the L 2 norm R − M L 2 of the negative part R − M := min{0, R M } of the scalar curvature. For a closed, oriented 3-manifold, we recall that the Thurston norm (or semi-norm) of a homology class α ∈ H 2 (M ; Z) is defined by
where Σ is any embedded surface representing α, and the quantity χ − (Σ) is given by the sum (4) χ − (Σ) = max{0, −χ(Σ 1 )} + · · · + max{0, −χ(Σ k )} over the connected components Σ 1 , . . . , Σ k of Σ. Thurston introduced this semi-norm in [10] , in connection with the study of foliations and fibrations of 3-manifolds over S 1 . When M 3 is endowed with a metric g, another natural norm on H 2 (M ; Z) is the harmonic norm
given by the L 2 norm of the harmonic one-form h α ∈ H 1 (M ) with integral periods dual to α. Equivalently, we see that
is the L 2 norm of the gradient for the harmonic map u : M → S 1 = R/Z whose level sets represent α. It is natural to ask how the harmonic norm relates to the Thurston norm on H 2 (M ; Z). Using the identity (2), we establish the following relationship.
Theorem 1.2. Let M 3 be a closed, oriented 3-manifold containing no nonseparating spheres. Then for any metric g on M and any class α ∈ H 2 (M ; Z), we have
where R − g := min{0, R g } is the negative part of the scalar curvature. If equality holds for any nontrivial class α = 0, then (M, g) is isometric to a product Σ × S 1 of a circle with a surface Σ 2 of constant curvature. Remark 1.3. Since T 3 contains no nonseparating spheres, the rigidity statement in Theorem 1.2 recovers in this case the well-known fact that any metric on T 3 of nonnegative scalar curvature must be flat. This of course follows from the classical results of Schoen and Yau [7] (as well as Dirac operator methods [2] ), but perhaps the new proof will be of some interest.
The estimate (7)-in its dual form, bounding the harmonic norm on H 2 (M ) above by the product of R − L 2 and the dual Thurston norm-was proved for irreducible 3-manifolds by Kronheimer and Mrowka in [5] . The proof in [5] is very different from ours, first using the Seiberg-Witten equations (and the Weitzenböck formula for the Dirac operator) to bound the harmonic norm of a monopole class in H 2 (M ) by R − M L 2 , then building on deep results of Gabai, Eliashberg-Thurston and others to show that the unit ball of the dual Thurston norm lies in the convex hull of the monopole classes when M is irreducible. The rigidity statement was later supplied by Itoh and Yamase in [3] . We refer the reader to F. Lin's recent paper [6] for some interesting refinements and developments on these themes.
As in [5] , it is not hard to construct a family of metrics on M for which the inequality (7) approaches equality, giving the following geometric characterization of the Thurston norm. We give a detailed discussion of Theorem 1.2 and the following corollary in Section 3 below. Corollary 1.4. For a class α ∈ H 2 (M ; Z) on a closed, oriented 3-manifold with no nonseparating spheres, the Thurston norm is given by the infimum Remark 1.5. In [4] , G. Katz has also considered the application of harmonic S 1 -valued maps to the study of the Thurston norm of 3-manifolds. The results of [4] emphasize topological features of the maps, rather than their role as a mediator between topology and geometry.
While the preceding results show that circle-valued harmonic maps can be used to recover some geometric inequalities previously obtained through Dirac operator methods, Theorem 1.1 may also be used in the proofs of some rigidity theorems related to the area of minimal surfaces in M . On a closed, oriented 3-manifold (M 3 , g), define the homological 2-systole
to be the least area among nonseparating surfaces in M . In Section 4, we observe that the identity (2) yields a short proof of the following rigidity theorem, originally proved by Bray-Brendle-Neves in [1] via the analysis of stable minimal surfaces. Theorem 1.6 (cf. [1] ). On a closed, oriented 3-manifold (M 3 , g) with positive scalar curvature R M > 0 and nontrivial homology H 2 (M ; Z) = 0, we have
with equality if and only if M is isometric to a product S 2 × S 1 of a round sphere with a circle.
While the arguments in [1] apply to systolic quantities somewhat finer than sys 2 (M ), the identity (2) provides a much shorter path to rigidity. Indeed, one generally appealing feature of (2) is the ease with which it leads to rigidity and splitting statements, based on the existence of nonconstant S 1 -valued maps of vanishing Hessian. Though we restrict our attention in the present note to the applications discussed above, we expect that Theorem 1.1 and variants thereof will find use in the study of other questions related to the scalar curvature of three-dimensional manifolds.
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Derivation of the identity
In this section we describe the computations from which Theorem 1.1 follows. The only ingredients are the Bochner identity for harmonic one-forms, the Gauss equation, the coarea formula, and the Gauss-Bonnet theorem. for any δ > 0, it easily follows that
Now, along a regular level set Σ of u, note that ν := h |h| gives the unit normal to Σ, so-mimicking Schoen and Yau's trick from the minimal hypersurface setting-we can use the traced Gauss equation
to rewrite the Ricci term Ric(h, h) = |h| 2 Ric(ν, ν) in (12). Here, R M and R Σ are the scalar curvatures of M and Σ, respectively, k Σ is the second fundamental form of Σ, and H Σ = tr Σ k Σ is the mean curvature. In particular, recalling that the second fundamental form k Σ of Σ is given (up to sign) by the restriction k Σ = (|h| −1 Dh)| Σ of the normalized Hessian |h| −1 Dh to T Σ, we see that
Moreover, we see that the mean curvature H Σ = tr Σ k Σ is given by
(where in the last equality we have used the fact that h is harmonic), so that |h| 2 (H 2 Σ − |k Σ | 2 ) = 2|d|h|| 2 − |Dh| 2 . Putting these identities together, we find that
Substituting (13) for the Ricci term in (12) and writing Hess(u) = Dh, we see now that, along regular level sets of u, 
Now, let
Moreover, since
where we have used the coarea formula in the last inequality. On the other hand, since |h| > 0 is bounded away from 0 on u −1 (B), we can pass to the limit δ → 0 in the left-hand side of (15) to conclude that
By the coarea formula and the Gauss-Bonnet theorem, we see finally that
so that the preceding estimate becomes
Finally, by Sard's theorem, we can take the measure of A arbitrarily small, and since θ → Area(Σ θ ) is integrable over S 1 (by the coarea formula), taking |A| → 0 in (16) yields the desired identity.
Remark 2.1. More generally, if ψ ∈ C ∞ (M ) is any smooth function, the same computation gives the identity
in arbitrary dimension. Naïvely, one might hope to wield this estimate in a manner similar to the stability inequality for minimal hypersurfaces to extract more information about the geometry of the fibers Σ θ = u −1 {θ} in dimension n ≥ 4.
Scalar curvature and the Thurston norm
Let (M 3 , g) be a closed, oriented 3-manifold that contains no nonseparating spheres. Given a nontrivial homology class α ∈ H 2 (M ; Z), consider the harmonic map u : M → S 1 = R/Z whose fibers Σ θ = u −1 {θ} lie in α. While any given regular fiber Σ θ may have multiple connected components Σ θ = S 1 ∪· · ·∪S k , it is obvious that each component S i must have nontrivial pairing
with the closed 2-form * h dual to the gradient one-form h = u * (dθ). In particular, since M contains no nonseparating spheres, it follows that every component of Σ θ must have nonpositive Euler characteristic, so that by definition (3) of the Thurston norm, we have
for every regular value θ ∈ S 1 .
Proof of Theorem 1.2. Combining (18) with Theorem 1.1, and recalling that we're taking as our target the circle S 1 = R/Z of unit length, we then see that
with equality only if Hess(u) ≡ 0. Applying Cauchy-Schwarz, it follows in particular that To prove Corollary 1.4, we now follow more or less the construction from Lemma 4 of [5] to exhibit a family of metrics g r,δ for which 1 4π α H,g R − g L 2 approaches the Thurston norm α T h as r → ∞ and δ → 0.
Proof of Corollary 1.4. Fix a nontrivial homology class α ∈ H 2 (M ; Z), and let Σ = Σ 1 ∪ · · · ∪ Σ k be an embedded representative of α realizing the Thurston norm
such that none of the Σ i is a sphere. Let Σ 1 , . . . , Σ p be the torus components, so that Σ p+1 , . . . , Σ k have negative Euler characteristic. Given δ > 0, fix an initial metric g 1,δ which coincides on a neighborhood of each Σ i with the cylinder Σ i × [0, 1], where Σ i is endowed with a flat metric of area δ > 0 if 1 ≤ i ≤ p, and for p < i ≤ k, Σ i is given a metric of constant scalar curvature R Σ i ≡ −2 and area Area(Σ i ) = −2πχ(Σ i ). Now, for r >> 1, let g r,δ be a metric which contains about each Σ i a product region T r,i ∼ = Σ i × [0, r] and coincides with g 1,δ on the complement E := M \ k i=1 T r,i . We then see that
At the same time, we can define a map v r : M → R/Z in the homotopy class dual to α by setting and v r ≡ 1 ≡ 0 mod Z on E, and direct computation gives
By definition, the harmonic norm α H,g r,δ is bounded above by the L 2 norm of dv r , so taking the product of the preceding estimates, we see now that
If α T h = 0 (so that p = k), then fixing δ > 0 and taking r → ∞ gives 
Other rigidity results
The following is another immediate corollary of Theorem 1.1. with equality if and only if M is isometric to a product S 2 × S 1 of a round sphere with a circle.
As in Theorem 1.2, the rigidity statement follows from the fact that any nonconstant map u : M → S 1 of vanishing Hessian splits M as a product (while the constancy of the scalar curvature is an easy consequence of equality in the intermediate estimates).
Proof of Theorem 1.6. As discussed in the preceding section, we know that every connected component of a regular fiber Σ θ is nonseparating, so by definition (9) of the homological 2-systole sys 2 (M ), denoting by N (θ) the number of components of Σ θ , we have Area(Σ θ ) ≥ N (θ) · sys 2 (M ).
On the other hand, it's also clear that χ(Σ θ ) ≤ 2N (θ), and applying both inequalities in (21), we see that
In particular, it follows that (min R M )sys 2 (M ) ≤ 8π, with equality only for a product S 2 × S 1 of a circle with a round S 2 .
